The observation that concepts from quantum information has generated many alternative indicators of quantum phase transitions hints that quantum phase transitions possess operational significance with respect to the processing of quantum information. Yet, studies on whether such transitions lead to quantum phases that differ in their capacity to process information remain limited. We show that there exist quantum phase transitions that cause a distinct qualitative change in our ability to simulate certain quantum systems under pertur-1
bation of an external field by local operations and classical communication. In particular, we show that in certain quantum phases of the XY model, adiabatic perturbations of the external magnetic field can be simulated by local spin operations, whereas the resulting effect within other phases results coherent non-local interactions. We discuss the potential implications to adiabatic quantum computation, where a computational advantage exists only when adiabatic perturbation results in coherent multi-body interactions.
The study of quantum phase transitions has greatly benefited from developments in quantum information theory 1, 2 . We know, for example, that the extremum points of entanglement and other related correlations coincide with phase transition points [3] [4] [5] [6] [7] , and that different phases may feature differing fidelity between neighboring states [8] [9] [10] [11] [12] [13] . These observations have helped pioneer many alternative indicators of phase transitions, allowing the tools of quantum information science to be harnessed in the analysis of quantum many body systems 1, 2 . The reverse, however, remains understudied. If the concepts of quantum information processing have such relevance to the study of quantum phase transitions, one would expect that systems undergoing quantum phase transition would also exhibit different operational properties from the perspective of information processing. Yet, there remains little insight on how such relations are apply to quantum information and computation.
In this paper, we demonstrate via the XY model that different quantum phases have distinct operational significance with respect to quantum information processing. We reveal that the differential local convertibility of ground states undergoes distinct qualitative change at points of phase transition. By differential local convertibility of ground states, we refer to the following (see Fig.   1 ): A given physical system with an adjustable external parameter g is partitioned into two parties, Alice and Bob. Each party is limited to local operations on their subsystems (which we call A and B) and classical inter-party communication, i.e., LOCC. The question is: can the effect on the ground state caused by adiabatic perturbation of g be achieved through LOCC by Alice and Bob?
Differential local convertibility of ground states is significant. Should LOCC operations between Alice and Bob be capable of simulating a particular physical process, then such a process is of limited computational power, i.e., it is incapable of generating any quantum coherence between A and B.
We make use of the most powerful notion of differential local convertibility, that of LOCC operations together with assisted entanglement 14, 15 . Given some infinitesimal ∆, let |G(g) AB and |G(g +∆) AB be the ground states of the given system when the external parameter is set to Sg and g + ∆ respectively The necessary and sufficient conditions for local conversion between |G(g) AB and |G(g + ∆) AB is given by S α (g) ≥ S α (g + ∆) for all α, where
is the Rényi entropy with parameter α, ρ A (g) is the reduced density matrix of |G(g) AB with respect to Alice's subsystem, and {λ i } are the eigenvalues of ρ A (g) in decreasing order [16] [17] [18] . Thus, if the Rényi entropies of two states intercept for some α, they cannot convert to each other by LOCC even in the presence of ancillary entanglement 19 . In the ∆ → 0 + limit, we may instead examine the sign of ∂ g S α (g) for all α. If ∂ g S α (g) does not change sign, the effect of an infinitesimal increase of g results in global shift in S α (g), with no intersection between S α (g + ∆) and S α (g).
Otherwise, an intersection must exist.
Before we consider the general XY model, we highlight key ideas on the transverse Ising model, with Hamiltonian There is systematic qualitative difference in the computational power afforded by perturbation of g within these two differing phases. In the paramagnetic phase, ∂ g S α (g) is negative for all α, hence increasing the external magnetic field can be simulated by LOCC. In the ferromagnetic Rényi entropy approaches to the logarithm of the rank for the reduced density matrix, i.e, the number of non-zero eigenvalues.
This observation motivates study of the eigenvalue spectrum. In systems of finite size (see Fig 2) , the largest eigenvalue monotonically increases while the second monotonically decreases for all g. All the other eigenvalues λ k exhibit a maximum at some point g k . From the scaling analysis ( Fig. S1 in the supplementary material), we see that as we increase the size of the system, g k → 1 for all k. Thus, in the thermodynamic limit, λ k exhibits a maximum at the critical point of g = 1 for all k ≥ 3. Knowledge of this behavior gives intuition to our claim (see supplementary for a more detailed analysis).
In the ferromagnetic phase, i.e., 0
, S α tends to the logarithm of the effective rank. From Fig.2 we see that all but the two largest eigenvalues increase with g, resulting in an increase of effective rank. Thus
Therefore, there is no differential local convertibility in the ordered phase.
In the paramagnetic phase, i.e., g > 1, calculation yields that ∂ g S α (g) is negative for both limiting cases considered above by similar reasoning. However, the intermediate α between these two limits cannot be analyzed in a simple way. The detail and formal proof of the result can be found in the supplementary material, where it is shown that ∂ g S α (g) still remains negative for all α > 0. Thus, differential local convertibility exists in this phase.
These results indicate that at the critical point, there is a distinct change in the nature of the ground state. Prior to the critical point, a small perturbation of the external magnetic field results in a change of the ground state that cannot be implemented without two body quantum gates. In contrast, after phase transition, any such perturbation may be simulated completely by LOCC.
We generalize our analysis to the XY model, with Hamiltonian . This is instantly reminiscent of our study, which observes what computational processes are required to simulate the adiabatic evolution of the ground state under variance of an external parameter in different quantum phases.
Specifically, AQC involves a system with Hamiltonian (1 − s)H 0 + sH p , where the ground state of H 0 is simple to prepare, and the ground state of H p solves a desired computational problem.
Computing the solution then involves a gradual increment of the parameter s. By the adiabatic theorem, we arrive at our desired solution provided the s is varied slowly enough such that the system remains in its ground state 26, 27 . We can regard this process of computation from the perspective of local convertibility and phase transitions. Should the system lie in a phase where local convertibility exists, the increment of s may be simulated by LOCC. Thus AQC cannot have any computational advantages over classical computation. Only in phases where no local convertibility exists, can AQC have the potential to surpass classical computation. Thus, a quantum phase transition could be regarded as an indicator from which AQC becomes useful.
In fact, the spin system studied in this paper is directly relevant to a specific AQC algorithm.
The problem of "2−SAT on a Ring: Agree and Disagree" features an adiabatic evolution involving the Hamiltonian
where s is slowly varied from 0 to 1 26, 27 . This is merely a rescaled version of the Ising chain studied here, where the phase transition occurs at s = . According to the analysis above, the AQC during the paramagnetic phase can be simulated by local manipulations or classical computations.
For the period of ferromagnetic phase, we can do nothing to reduce the adiabatic procedure.
In this paper, we have demonstrated that the computational power of adiabatic evolution in the XY model is dependent on which quantum phase it resides in. This surprising relation suggests different quantum phases may not only have different physical properties, but may also display different computational properties. This hints that not only are the tools of quantum information useful as alternative signatures of quantum phase transitions, but that the study of quantum phase transitions may also offer additional insight into quantum information processing. This motivates the study of the quantum phases within artificial systems that correspond directly to well known adiabatic quantum algorithms, which may grant additional insight on how adiabatic computation relates to the physical properties of system that implements the said computation. There is much potential insight to be gained in applying the methods of analysis presented here to more complex physical systems that featuring more complex quantum transitions.
In addition, differential local convertibility also may posses significance beyond information processing. One of the proposed indicators of a topological order involves coherent interaction between subsystems that scale with the size of the system 28, 29 . In our picture, such a indicator could translate to the requirement for non-LOCC operations within appropriate chosen bipartite systems. Thus, differential local convertibility may serve as an additional tool for the analysis of such order. For the transverse field Ising model, the largest eigenvalue λ 1 monotonically increases while the second λ 2 monotonically decreases for all g.
In the thermodynamic limit all the other eigenvalues increase in the g < 1 region and decrease in the g > 1 region. Moreover, the eigenvalues other than the largest two are much smaller than λ 1 and λ 2 . Therefore we can average 'them when considering their contribution to the Renyi entropy. Thus the eigenvalues are assumed to be 0.5 + δ, 0.5 − ,
, . . . when g < 1, and
, . . . , when g > 1, where n is the particle number belonging to Alice and certainly Bob has the other N − n particles. Because of some obvious reasons such as λ 1 > λ 2 > λ 3 · · · and all these eigenvalues are positive, and so on, we can derive the following relations easily:
, 0 < δ < < 0.5, ∂δ ∂g < 0, and ∂ ∂g < 0. Next, we prove the theorem in the main text for each different phase region. Namely, in the g < 1 phase, ∂ g S α is positive for small α but negative for large α; and for the g > 1 phase, ∂ g S α < 0 for all α.
In the ferromagnetic phase g < 1, the eigenvalues are 0.5 + δ, 0.5 − ,
and
In the thermodynamic limit N → ∞, will be negative as long as α > α 0 . Moreover we can also see that the smaller g is, the smaller δ and are, and the smaller 1 + +δ 0.5− is, and therefore the larger α 0 should be. This explains why we need to examine larger value of α to find the crossing when g is very small.
Notice that in the above analysis we used the N → ∞ condition in the g < 1 region. We can also find that in Fig.3 of the main text for finite N = 10 there is some small blue area in the region α < 1 g < 1. However, in the above analysis of infinite N , this area should be totally red. This difference is due to the finite size effect.
Paramagnetic phase
In the paramagnetic phase, g > 1. The eigenvalues are 1 − δ − , ,
, . . . . The Rényi entropy is negative for all α, and in the g < 1 α < 1 region it is positive, while in the g < 1 α > 1 region it can be either negative or positive with the boundary depending on the solution of Eq.(4). Thus we have proved the theorem in the main text.
1. If we consider the full condition for the local convertibility which includes the generalization of α to negative value, it also can be proved easily that the local convertible condition
for all α is satisfied in the g > 1 phase. As for the g < 1 phase, the sign changing in the positive α already violates the local convertible condition, so that we do not need to consider the negative α part. In fact, generally speaking, for the study of differential local convertibility, we can only focus on the positive α part, because the derivative of Rényi entropy over the phase transition parameter will necessarily generate a common factor α, which will cancel the same α in the denominator. 
